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Abstract

The Laplace operator V> on N-dimensional Euclidean space Ey in spherical
coordinates (r,61,...,0y_1) = (r, 5)) is V2 = A, + 7% Ao(ﬁ). The
free-particle Schrodinger time evolution operator may be constructed by

12 1 i i
—5&°[A, 5 A ——=&Ny L .
e 28 1Az tol g57800 038, Denoting a central

V)
eI T

exponentiation, e2fV’ = ...
finite difference approximation of A, by #TW ), the matrix SV =
with A = ﬁé , is investigated and explicitly evaluated for N = 3. S
provides an approximation of the leading term of the radial component of the
kinetic energy contribution to the evolution operator. An unconditionally stable
numerical algorithm for quantum mechanical scattering is proposed based on
this approximation when N = 3.

PACS numbers: 02.30.Mv, 02.70.Bf, 02.30.Uu, 03.65.Nk, 02.10.Yn

1. Introduction

Let H = — % V2 denote the Hamiltonian of a free spinless particle of mass m moving in Ey,

and let W (r, 7, t) denote the Schrodinger wavefunction of this particle. Integration of the
Schrddinger equation gives

— — indr 72 —
W(r, 0,t+8t) = W(r, §,0) =V WU, 0 ,1). (1)
The evolution operator may be expanded using the Zassenhaus formula as
i indtr g inét
eIV oA At JHE 5 A0(6) e%A,, )
where the A,, As, ... are anti-Hermitian operators. This decomposition of the evolution

operator is in terms of unitary operators, so that the norm of W is preserved as the ‘dynamics’
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unfolds. We seek a discrete (and unitary, up to a similarity transformation) approximation to
e for N = 3, ... (the results for N = 1 and N = 2 are known [1, 2]).

Following Vilenkin [3] we introduce spherical coordinates (r, 0y, ...,0y_1) = (r, 5))
in N-dimensional Euclidean space Ey, which are related to Cartesian coordinates x,,n =
l,...,N by

x1 = rsin(@y_1) - - - sin(6,) sin(6;)
Xy = rsin(@y_1) - - - sin(6») cos(6y)

xy =rcos(Oy_1).

The Laplacian may be realized as V> = ;—:2 + @;—r + riz Ao(?), where Ao(y) has

eigenvalues —€(¢ + N —2),¢ = 0,1,2,... [3]. Let &, = 2 + Y12 Employing
a uniform discrete lattice approximation with lattice spacing Ar for the radial coordinate
r—r, = (n + %)Ar, neNm=0,1,2,...), the action of A, on ¥ may be approximated

as (AW~ 5 (TW), where (TW), = Wy = 20y + Wy + 502 (Wnet = W)

The matrix elements of TV are
N—1 N —1
(N)

Tnn/ = =28, + Spw—1 (1 + o+ 1) + Spnre1 <l - o+ 1) s (3)

where n,n’ € N. Let A = %. We compute a (unitary, up to a similarity transformation)
inst

approximation to e 2» & as

S(N) — e%A’JI‘“V) — e—i)\ e%KT(N) (4)
where

N N -1 N -1

T = 81 [ 1+ + 8 [1— : 5

nn an’—1 m+1 nn'+1 m+ 1 ()

At this point, it is convenient to define S™) as

SN — egﬁw 6)
and to compute S™V).

. SV
2. Evaluation of the S, ,/(\)
Letpu=1-— % = %,O, —%, —1,.... Note that u < —% for N > 3. The matrix elements
§,ﬁ’,f,> (1) may be investigated by considering
oo
WM 0L E) =) S 00 PEE). (7)

n'=0
Here, P/*(§) denotes an associated Legendre function of the first kind of degree v and
order . This series for hf,N>(k, &) is convergent for —1 < & < 1 and A € R because

|PE )] < /(L) Hutusl) sin(cos~! (£)) " [4] and, for each n, SN ), oy € CEN).

VI T'(wv+1)
P!*(&) satisfies the well-known recurrence relations
W=+ DPLE) + W+ P (€) = EQu+ D PLE) 8)
for v, u, & € C. We note that when u = 1 — % these recurrence relations imply that
[o¢] .
=~ 26 PI(§) if k>0
(N) pi _ k
Z_;)Tk"’ P @)= {(25 +N —2)P (&) if k=0. ©)

For future reference we record several other facts.
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2.1. Other facts/preliminary results

When n, k € N, u € Z and || < n, k the orthogonality relations

2 (n+p)!
Qn+1) (n— )l "™

+1
fl PYEPI(E)dE = (10)

hold. The orthogonality relations for odd N require some discussion. For N odd, u = 1 — %
is negative and half-odd-integral. For the case N =3, u =1 — % = —%. Let us put 8, =

€ + &2 — I]UJri = ei(”%)e, where & = cos(f). For the case N = 3, u = —% we define

-1 iz .. .
the associated Legendre function P, *(§) as e™'7 x {the definition of Erdélyi et al [4] for

P2 (E)),
Pf% _ i 1 }2( 2 1)7% 1
v (%-)—e 2U+1 ;%' - (ﬁV_E>

—i’izi\/z21‘%' Ay 11
=e i n(é -1 sm|:(v+2> i| (11)

Then for v = n, v = n’ € N the following orthogonality relations apply:

+1 1 1
f rler @

=e 12 220)° " s ( +1>9 i <’+1>9 de
= Tmen+ D@+ 1) Osm[” 2 }sm[" 2 }

2 2
= <2I’11> 8nn’~ (12)

This integral is the value obtained by formal analytic continuation of equation (10).
We shall also need the following integral (with & = cos(9)):

+1 1 1
f e By ()P (E) dE

-1

02 1
R Ny

X /+l ei”# sin |:<n+ l) 9:| sin [<k+ l) 9] d¢
~1 i1 —§&2 2 2

8 f”ei““(“sin n+l 9 | sin k+l 0| do
a2n+ 1Rk +1) Jo 2 2

ikcos(@){cos[(n — k)@] — COS[(}’[ +k+ 1)9]} do

4 T
n(2n+1)(2k+1)f0 ¢

4 iln—k]| sn+k+1
= m{l Jin—kf(X) — 1 Jsis1 V). (13)

Here, we have used the well-known integral representation

1 [~ .
— / e <@ cos(nh) do = i J, (1). (14)
T Jo
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22. 5™ ()

To evaluate h,gM()», &) of equation (7), we begin by differentiating hﬁ,M()\, &) with respect
to A. This yields

9 1 [e%s} R (o] R
S 08 =23 800 Y T P
k=0 n'=0
o0

~ N
=iy S [gp,f(g) + <3 - 1) Pé‘(s)Sko]
=0

k
=ith™ (1, £) +i(g - 1) ST PLE).

Integration and application of the initial condition Ay (0, &) = P/(&) for A (1, &)
gives

B0 =3 8N wry @)
n'=0
_PI*%N iNE | - N irg A"(N) N —iNE 47 pl—aN
=P, 7 (§)e™ +i 5—1 e \ Spo’ (M) e M EdA Py 2 (&), (15)
Here,
1-in 1 1—¢ E
P, N ) =
SN0 F(%)(Hg)
1 1—g\'* _
—~ | —= f N=2,4,...
y_ v<1 > 1 , 4
= (2 i)' +§ e (16)
2% (1=sy
(N—2)!!ﬁ<1+§) if N=35,....

1
2

/S\i],g) () in this case, we multiply equation (15) by P,f (&) d&, integrate over —1 < & < +1, use
the orthogonality relations, equation (12), the Bessel function representation, equation (13),
and 490 = k + . This yields
2k+1(k—p)! [
2 (k+w)! J

For the case N = 3, u is negative and half-odd-integral: © =1 — % = —5. To simplify

2k+1(k—p)! [
2 (k+w)! Jo

890y = e PI(E) P () dE — i S0

+1
X [/ exp(i(d — N)E)PO“(S)P,f(é)dé] d’

1
C2k+ 1 (k- ! 4
T2 e+ Qu+DRk+1)
2k+1(k—p)! [

1" ) — 1 g (V)

—~ Sty
2 (k+w! Jo mo ()
4 . N / /
X [(Zk n 1){1"Jk(k =) =i a0 — A )}] dx
2k+1 .,
=51 {7 T ) = T ()

1 r
+ 5i"“(zk +1) / SOOI — 1) = idr1 (O — 2)]d. (17)
0
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Putting £ = 0 into this result gives

n

Ce
S 09 = 57— 100 =i G} + 3 / S0 OOk = 2) =110 = 2)1dX. (18)
0
We solve for /S\fo) (A) = f (1) using the Laplace transform L[ f](s) and its inverse. The
Laplace transform of equation (18) gives

n

L1, = 1)) + %E[f](S)L[Jo —is11(s)

_ i ﬁ[-’n _iJn+l](s)
S 2n+ 11— 1L0J — 1)}

LLfNs) = 5

2 —(n+1)
=1i" s+V1+s2 , 19
! 2n+l(Y S) (19)

and the inverse Laplace transform of this expression is

=~ 2+ 1) (V)
S¥oy =i 2 . 20
o) =12 T 20
Substituting this result back into equation (17), and using
* , Ldy 1
J )T, (A — A )7 =—Jun() (21
0 u
(cf [5], equation (11.3.40)) yields
+1
Sie )— {'” M i ) = " g 1)
n+1
+i" (0 + 1) m(x)[m A —id (A — A)]—}
2k +1 .
=5 +1{1'" "‘Jm () = " T ) + 1 [t ) = i (D]}
_ 2k+1
=3 +1{1'" M ) + 1" T2 (V). (22)
Or
(3)
Theorem 1 Snk).
2k + 1
S = {1'" ) + 1 s (D)} (23)

3. Free Feynman propagator

As is well known, there is a closed expression for the free-particle propagator in any dimension
5 o D/2 i 5 o .
Q: K(r', = (%) 2 exp (%lr - r’|2). How does this result relate to the
discretized formula (23)?
To answer this question we first examine the case D = 1. According to a previous result
[1], in 1-dimension and using Cartesian coordinates
iz cn—n' _—ix
S()\)nn’ = [ez ] =i""e" Jnw(A). (24)

nn'

_ _hét
Here, A = el
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We may employ the asymptotic expansion

J < v > ~ 1 ev(tanhafa) {1 + 0 <l>} (25)
cosh(x) V27 v tanh o v/’

which is valid for large order v [5] to compute the free Feynman propagator from
equation (24). Letx — x’ = (n — n’)Ax = vAx where v = n — n’ and define t — ' = N4t.
We consider the limits Ax — 0, v — oo with

x —x' = lim vAx
Ax—0
V=00
fixed, and the limits 6t — 0, N — oo with
t—t = lim Né&t

§t—0
N—o0

fixed. If we define o by cosh(a) = w7 then tanh(a) = %\/ v2 — N2)2 and we find that
N times

nn

=i"" e N,y (ND).
e(—iAN +/—=(O2N2) + 12 + %vn - arcsech(%)) {1 0 <1> }
+ —
(—(G2N?) +v2) /27

_ m of
TV 2rwih(t —t)

which yields the very well-known free Feynman propagator U(x — x'; t — t’) in the limit
Un(0) = 20 SV (1) — (1) = [ UG —x's 1 — )W (', 1) dx.

Unfortunately this type of limit does not exist when using spherical coordinates, even in
a one-dimensional space. In a spherical coordinate system, even for problems with manifest
spherical symmetry, the free Feynman propagator must contain an angular dependence to allow
the particle to sample all paths. Even if a classical path is purely radial, quantum excursions
from this path ensure that a non-trivial angular dependence exists in the propagator. We
conclude that the full free propagator in spherical coordinates cannot be factored into radial
and angular contributions, and hence its radial contribution cannot be calculated as any limit
of equation (23). We should emphasize that in this paper we have not assumed spherical
symmetry, and have only computed the leading radial contribution to the full free propagator.
Angular (and smaller order radial) contributions are manifest in equation (2) and may be
included as required.

Vv

3

(x—x

/)2
" Ax{l + O(Ax)}, (26)

)

4. Unconditional stability

. . = . . . . inst
The matrix with elements e“’\Sﬁ) (1) provides a concrete unitary approximation to e 2» 2, up
to a similarity transformation. Here, A = mhi’r 5. This similarity transformation is defined by a
diagonal ‘weight’ matrix W with matrix elements

W = ‘snn’(n + %)’ (27)

n,n’ € N. W corresponds to the square root of the radial weight function 72 in a standard
spherical coordinate system in 3-space (recall that r — r, = (n + %)Ar). The similarity

transform of S® by W, U = WSOW! = We* TV W1 = 3*WI?W"' g 3 unitary matrix
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that naturally appears in the formalism. (@ is a unitary matrix because WTW! s a real

symmetric matrix (with non-zero matrix elements equal to +1 above and below the main
diagonal).) A numerical algorithm for solving a quantum mechanical scattering problem in
N = 3 dimensions based on this approximation for et s unconditionally stable because
U is a unitary matrix. It is expected, based on N = 1 known results and simulations [1],
that scattering data obtained using such an algorithm may be as accurate as approximations
computed using a Crank—Nicolson implicit second-order method [9].

To exhibit the unconditional stability of this approach it is sufficient to consider the
following: let ®, ¥ denote two column vectors representing, say, two discretized solutions
to the Schrodinger equation at time ¢, with components ®,(0,¢; 1), V,(0,¢;t),n =
0,1,2,....Wd and WW¥ are employed in the construction of the scalar product [WW] W =
WiW?2d, and correspond to Joo Wi, 0,¢)®(r,0,¢)r*dr in the standard formalism.
Moreover, according to equation (2), suppressing angular degrees of freedom, the leading
order radial contribution to the propagator due to the kinetic energy is represented by
e PUM): WUt +6t) = -- - We * SO )W ! [WW ()] = - e FURW)[WW(#)]. We see
that the norm of WW is preserved as the dynamics unfolds.

5. Conclusion

For N = 3, S® of equation (23) provides a unitary (up to a similarity transformation by the
weight matrix W) approximation of the leading term of the radial component of the kinetic
energy contribution to the evolution operator. An unconditionally stable numerical algorithm
for quantum mechanical scattering may be based on this approximation. Let V denote the
effective potential energy of the spinless system, V denote the matrix representing V and

b= Z’—zArZ. Since V is diagonal, equations (2) and (23) yield, to 0([%]2),

o0 .
A _
W48 = [exp <1—T — i,\bvﬂ W (0), (28)
2 nk
k=0
where
ii bV _ —ixbV 2T
exp 2T iAbV =[-e e’]
nk
T 2k .
o e ) S (i g ) + 1 g (). (29)
2n+1

The J, (1) are calculated only once at the beginning of the procedure. If one examines
the asymptotic expansion of J, then one sees that it decreases exponentially [8, 6] for large
|’x’ . It is expected, based on N = 1 known results and simulations [1], that scattering data
obtained using such an algorithm will be as accurate as approximations computed using a
Crank—Nicolson implicit second-order method [9].

This calculation recalls the associated Legendre function of the first kind, P/‘(§),
which we employ to outline a general approach for attacking this problem; then particular
results for N = 3 are illustrated. One of the referees has kindly pointed out that in
N = 3 a simpler derivation of the N = 3 result may be obtained by defining polynomials

U, (&) = ﬁ % (related to ordinary Chebyshev polynomials of the second kind).

One finds that Zf:o ﬁf,i’,f?u”,(s) = 2&ui () for k = 0,1,2,.... A simple homogeneous
differential equation follows from this, and integration reproduces the result (23).
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